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Stable Trajectory Planning for Quadruped Robots
Using Terrain Features at Feet End

Congfei Li"”, Shuyue Lin

Max Q.-H. Meng

Abstract—Quadruped robots have received increasing attention
in recent years. Most existing trajectory planning algorithms for
quadruped robots focus on how to avoid obstacles and achieve
shortest trajectory or time, which is similar to the planning al-
gorithms for mobile robots. These algorithms could not take full
advantage of the agility and flexibility of quadruped robots. This
letter designs a trajectory planner by taking advantage of the
agility and flexibility of quadruped robots. With our trajectories,
quadruped robots could navigate through complex terrains with
more stability (e.g., less momentum variations along Z-axis). To
achieve this goal, we use ground features at the landing point of the
feet end to construct objective function, rather than using the center
point of the robot body. Current discrete map representations, such
as grid map or cost map, are difficult for optimization algorithms
to introduce environment constraints. So, we use the Sparse Vari-
ational Gaussian Process (SVGP) to predict terrain features with
point-cloud data as input, so that the environment constraints can
be introduced into the optimization problem. Experimental results
in both simulation and real-world environments demonstrate the
effectiveness of our method.

Index Terms—Trajectory planning, quadruped robots, Gaussian
process, stochastic optimization.

I. INTRODUCTION

ITH the advancement of quadruped controllers (model-
based controllers [1], [2], [3] and learning-based con-
trollers [4], [5]), quadruped robots are now able to traverse highly
irregular terrains. However, trajectory planning for quadruped
robots is still largely inspired by wheeled-robot navigation and
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has not fully exploited the agility and flexibility of legged
locomotion. Most existing planners focus on minimizing path
length or travel time while avoiding obstacles, making them
conceptually similar to mobile-robot planners. These methods
typically rely on occupancy grid maps, where each cell is oc-
cupied, free, or unknown [6], and thus generate paths that are
short in distance or time [7]. Such grid-based representations
are suitable for wheeled robots [8], but less appropriate for
quadruped robots because they cannot capture foothold-level
terrain interactions.

Recent studies have begun to address this limitation by in-
corporating terrain or foothold information into planning and
control. For instance, vision-based terrain-aware locomotion [9]
jointly adjusts footholds and body pose based on perception;
anisotropy-aware trajectory optimization [10] considers direc-
tional motion capability; and reinforcement-learning frame-
works [11] adapt step height and gait frequency using ter-
rain feedback. While these methods improve adaptability, they
mainly operate at the joint or foothold level. By contrast, this
work focuses on body-level trajectory planning that explicitly
incorporates foot-end terrain features during planning. This
higher-level formulation allows the planner to reason about local
slopes and small-scale topography, enabling smoother and more
agile motion on complex terrains. Therefore, unlike grid-based
methods, such as A-star (A*), Rapidly-exploring Random Tree
(RRT), or Rapidly-exploring Random Tree Star (RRT*), which
only consider passable or blocked cells, and unlike joint-level
optimizers that refine foothold control, our approach generates
body trajectories informed by foot-end terrain geometry, offer-
ing a complementary and novel perspective on terrain-aware
locomotion planning.

To provide a solution to above issues, we propose a trajectory
planning method for quadruped robots based on continuous
and differentiable Gaussian maps as well as the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) [12]. The
Sparse Variational Gaussian Process (SVGP) [13] is utilized to
fit the terrain. We construct an optimization problem by taking
into account the terrain features at feet end with a simplified
kinematic model. This problem is a non-convex continuous
problem filled with local minima. So, solving it with CMA-ES
is suitable. Our method views the waypoints of a trajectory as
decision variables of the problem, and models the environment
for the problem as a constraint. Our code is open-sourced.! The
contributions of this letter are summarized as follows.

1) We construct an optimization problem for quadruped tra-

jectory planning, which takes into account the ground
features at feet-end positions.

!Code and video: https://github.com/lab-sun/Feetend- Planner
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2) We employ SVGP to describe small-scale and static ter-
rains, which introduces differentiable environment models
into the optimization problem as a constraint.

3) We conduct both simulation and real-world experiments
to verify the effectiveness of the proposed method.

II. RELATED WORK

A. Trajectory Planning

Due to the simplicity of occupancy maps, many planners
are designed with occupancy maps, such as the classic A*
and RRT* algorithms, and many other improved versions [14],
[15]. In addition to the sample-based and search-based methods,
many methods have been proposed to endow robots with better
mobility. Yu et al. [16] utilized mixed integer programming to
plan footholds for navigating discrete terrains. Yang et al. [17]
proposed a novel planner in multilayer structures based on
tomographic understanding of the environment. Ortiz et al. [7]
proposed a RRT-based algorithm combined motion primitives
and optimization, 10 times faster than previous methods. Liu
et al. [18] adopted a hierarchical architecture and decomposed
the planning process into the search for front- and back-end
optimization. With the development of machine learning, re-
searchers have designed some learning-based methods to find a
sensible path to guide their mobile robots. Liu et al. [19] used the
diffusion model to derive a fast 2D path planner whose goal is to
find a way through a maze. Comparing with these methods, our
method could find a relatively easy path for controller to track,
which takes full use of the non-linear model predictive control
(NMPC). Several works have further introduced terrain features
into the motion planning process of quadruped robots [9], [10],
[11]. These methods mainly focus on improving foothold or
contact-level reasoning, where local terrain cues help the robot
determine stable foot placements. In contrast, our method lever-
ages terrain cues at a body trajectory level, explicitly optimizing
the robot’s body motion to exploit terrain geometry for safer and
smoother traversal.

B. Terrain Description

Environment modeling is essential for mobile robot trajectory
planning, with four primary methods widely used: Grid Method
(GM), Topological Method (TM), and Geometric Characteristic
Method (GCM).

GM divides the workspace into equal-sized grids, marking
free spaces as 0 and obstacles as 1. Smaller grids offer higher
precision but require more computational resources, while larger
grids improve efficiency at the cost of reduced accuracy. Recent
advances, such as hexagonal grids, improve path planning safety
and efficiency [20]. GM is simple to implement and extend to
3D environments, but faces scalability issues in large areas due
to combinatorial explosion.

TM represents environments as graphs, using nodes for lo-
cations and edges for connections, often visualized through
Voronoi diagrams. It reduces dimensionality, saving storage
and computation time, making it suitable for large-scale en-
vironments [21]. However, TM is challenging to create and
maintain, especially in environments with similar locations, and
may produce suboptimal paths.
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Fig. 1. The overview of our method. The combination of the middle-level
NMPC controller and low-level whole-body controller are robust model-based
controllers [24], [25]. With the perception information from the elevation map,
the quadruped robot could select suitable foot end points and go through complex
terrains. The main contributions in this letter are highlighted in blue.

)

GCM extracts geometric features such as lines and arcs to
build compact environment models, ideal for structured envi-
ronments [22]. However, extracting stable features from un-
structured environments is difficult, limiting its applicability.
Techniques such as obstacle shape-based path planning have
been proposed to address these challenges [23].

C. Difference From Existing Methods

Our method differs from existing methods in the following
two aspects: 1) we focus more on the terrain features at the feet
end of quadruped robots to compute the cost of walking across
the local area, which may take full advantage of quadruped
controllers; 2) we model small-scale terrain areas with SVGP
to incorporate the environment information into optimization as
a constraint.

III. THE PROPOSED METHOD

A. Method Overview

The overview of our proposed method is shown in Fig. 1.
A human user sets a goal, and the planner finds the optimal
solution according to the given Gaussian description of the
current environment. Then, the trajectory of the quadruped robot
body is sent to a NMPC controller to optimize the trajectories
of all the joints of the robot. The optimized motion is passed
to the low-level whole-body controller to generate torques for
each actuated joint. Note that the robot provides depth informa-
tion to the perception module and the state information to the
controllers.

B. Terrain Modeling

We use SVGP to construct the terrain model. We first in-
troduce the Gaussian process (GP) and then convert to SVGP.
GP is a collection of random variables, for which any finite
subset follows a Gaussian distribution. It is a powerful non-
parametric Bayesian tool used for regression and classification
in machine learning [26]. GP is fully specified by its mean
function and covariance function (also known as the kernel).
The mean function represents the expected value of the process,
while the covariance function defines the covariance between
different pairs of random variables, capturing the smoothness
and structure of the functions that the GP models. GP is par-
ticularly useful for modeling complex, unknown functions, and
providing uncertainty estimates along with predictions.

We define X as the vector of x; and h is the vector of h;:

X:[Xl,Xg,...,Xn],h:[hl,hg,...,hn]. (1)
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We train the Gaussian map on a given pre-built point-cloud map
P = {(x;, h;)}_,, where x; = (z;,y;) is the random variable
that consists of the coordinate on the X-Y plane, and h; = z;
is the ground truth. GP is formally defined as a collection of
random variables characterized by a mean function ;(x) and a
kernel function x(x,x’). Assume that the regressed GP model
is ['(x) and I'(x) ~ GP[u(x), k(x,x)].

Define ' = [I'1, g, ..., [',,]7 as the vector of the latent func-
tion value at the training point, where I'; = I'(x;). Given the
dataset P with N observations x and scalar outputs h, GP
regression assumes h; = I'; + ¢;, where ¢; ~ N (0, a%) is the
noise term, reflecting the measurement noise. The posterior GP
is defined by a posterior mean yp(x) and covariance Xp(x, X’).
The predictions for a new input x* follow:

p(h*|h) = N [1*|up(x7), Ep(x*, x*) + 03] , 2)
pip(x) = Cxp(0°I+ Cpp)~'h, 3)
Sp(x,x) = k(x,X) — Cxp(0’ I+ Cpp) 'Cpx,  (4)

where Cpp € RV*Y is the covariance matrix of the training
inputs, Cyp € RN is a row vector of kernel evaluations
between x and training inputs, and Cpx = C;{P, and h =
[h1,ha, ..., h,]T is the ground truth vector. The GP prediction is
in the form of a probability distribution with the mean pp(x*),
which indicates the elevation at the point x*, and a variance
Yp(x*,x*), indicating the uncertainty of the prediction at x*.

GP predictions depend on kernel hyperparameter ¢ and
noise variance 0723. Hyperparameters (®, 072,) are estimated by
maximizing the logarithmic marginal likelihood, log[p(h)] =
log[NV(h|0,03I + Cpp)]. Once we have obtained the hyper-
parameters (P, 0723), we can use these estimates in (2)—(4) to
predict the regressed value of the unseen input point.

The computational complexity of standard GP is O(n?),
where n is the number of sample points. Many approximation
approaches could reduce the computational complexity, such
as SVGP. SVGP reduces the cost by replacing the full dataset
with m points (m < n), resulting in a lower computation com-
plexity of O(nm?). The m points are called inducing points
P = {(%Xi, h;) }i, which is a subset of the dataset P and their
corresponding regressed function values are T'; = T'(X;),i =
1,2,...,m, called inducing variables T' = [[';, 'y, ..., '] 7.
The hyperparameters (®,0%) and the inducing points X,
are jointly estimated through a variational posterior distribu-
tion which approximates the exact GP posterior, ¢(T',T") =

p(T|T)4(T), where () is an unconstrained variational distri-
bution over I and p((T'|T") is the conditional GP prior. We could
obtain the estimation of inducing points P and hyperparameters
(®,0%) by minimizing the Kullback-Leibler (KL) divergence
between ¢(I',T') and p(T'|h, ®), which is equivalent to maxi-
mizing the evidence lower bound (ELBO):

1
ETT(R% ©)

Pum = Cnﬁcgécﬁn; R=C,, - Cnﬁc;g.;scﬁn; (6)

Lyot(P) = log [N'(h[0, 031 + P,,,)] —

where L,o(P) is the variational objective function, 7r(R) is a
regularization trace term, C7575 and Cmg denote the induction
covariance matrix and the cross-covariance between the training
and induction inputs, respectively.
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The rational quadratic (RQ) covariance function is chosen as
the kernel function x g (x, x) for the SVGP, because a Gaussian
process prior with a rational quadratic kernel captures functions
exhibiting variations at multiple length scales:

<X—X>2] -

20,12

KrQ(%,X) = o} {1 + )
where o, represents the signal variance, [ is the length scale
and oy determines the relative weighting between large-scale
and small-scale variations. Given the RQ kernel, the kernel
parameters ® are defined as U/%’ { and oy,. We believe that
the RQ kernel offers greater expressiveness in modeling the
occupancy surface than the widely-used squared exponential
(SE) kernel. This is because the RQ kernel effectively represents
a scaled mixture of SE kernels with diverse characteristic length
scales.

C. Trajectory Optimization

In this section, we propose an optimization problem involving
environment as a constraint and solve the problem with stochas-
tic optimization, that is, covariance matrix adaptation evolution
strategy. We choose the set of position of the robot center as
optimal variables *x. Assuming that the quadruped robot walks
with the trot gait, the quadruped robot steps ahead twice in a
gait duration 7. Because the NMPC controller would select the
foot end points according to the elevation map, we just use the
definition of the trot as the assumption of our planner. We define
the decision variable as:

" Junt, o ®
where IV is the number of steps rather than the number of gait
period which is twice that of steps. Thus, we can account for
the influence of the environment on the mobility of robots more
intricately. "z; and "y, respectively denote the X-Y coordinates
of the robot position at each step in the world coordinate.
As for the orientation of the robot, we add an additional part of
objective function to smooth the trajectory, reducing the com-

putational burden. Given the initial position ["Zinigal,” Yinitial]

[T‘rgoal ) ygoal]T, the

T T T T T
x = ["zo," x1,..., N, Y0," Y1, - ..

and goal number of

steps:

"Tooal —" Tinitial "Ygoal —" Yinitial
N= = e 9
Hax ({ v, T/2 ’ v, T/2 O

where T is the gait period and v, and v, are the forward and
lateral velocity, respectively.

The main purpose of the optimization problem is to select a
relatively even trajectory for the quadruped robot. Therefore, the
main part of the objective function £ is to minimize the height
of environment on the trajectory L. To enable the optimization
solver to find the reasonable solution, there are also other parts of
objective functions, that is, terminate objective L, step length
objective L and orientation objective Lg:

LX) = L (") + Lr("x) + La("x) + Lo("x).

1) Height Objective: We sample the height of four points, all
directly below four hips, and calculate the height of these four
points on the trajectory as height objective:

position

(10)

Ly(*x) = z{ Wypzy, + 2] Wz,

(1)
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where z, = I'(*x), z, = [[Q(*x)], Q(x):R>N — R8N,
Q(*x) is a function that converts body coordinate to four hips’
coordinate stack. z; is the height at position *x. zy, is the height
stack at position of each hip. This is also a trick to speed up the
optimization process. W;, € R2V*2N and W, € R8N 8N are
constant matrices p.s.d. weight matrices. This is the key objective
to involve the environment into optimization problem. It should
be noted that this term is not introduced as a direct stability
metric; rather, it penalizes unnecessarily large hip elevations
in order to reduce traversal difficulty, thereby promoting more
feasible locomotion.
2) Terminate Objective: The terminate objective is:

Lr(Fx) = (S*x)T W (S™x)

where S € RM2¥ s a selective matrix and Wr € R is the
weight factor.

3) Step Length Objective: In order to help solver find the op-
timal solution, we never allow our robot to step back. Therefore,
we set "z;41 —" x; > 0. Meanwhile, The step length between
two steps cannot exceed vT'/2,1.e.*x;11 — 'x; < vT'/2, where
rx; = ["x," yi]T. This inequality constraint is handled through
the relaxed barrier functions that convert inequality constraint
to cost:

(12)

—uln(l), h>9
0= 1-25\2 (13)
5 [(’T) 1} —pln(d), h<d
Therefore, the step length objective is:
La("x) =B(l)=> B(l,). (14)
where
_ -Al r Bl
L= (A e B 2o
(A, —A,
A, = 5} s Ag = [ 5} ;B1 = 02nx1,
L0 Jonvon —As]onan :
By = [v,T/2 ...v,T/2v,T/2 ... vyT/Z]lsz ,
-1 1 0 0 0
0 -1 1 0 0
A; =
LO 0 0 ... =1 1],y .y

4) Orientation Objective: In order to smooth the trajectory
curve, we penalize the local orientation and the difference of the
adjacent orientation, respectively:

Lo (rx) = BTWQO + AOTWAQAB

where 0 is the forward direction of the robot, A@ is the differ-
ence of the adjacent orientation. Wg and W pg are the weight
matrices, respectively.

5)

D. CMA-ES

CMA-ES is an evolutionary algorithm designed for non-
linear, non-convex black-box optimization problems in contin-
uous domains. It has been widely used for continuous optimiza-
tion. There are 4 main steps in the loop of CMA-ES:
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Algorithm 1: CMA-ES Workflow.

Input: Initial distribution mean m?, Objective function
L
Output: Optimized solution "x

1 Initialize: p2, p?, C°, ¢%, g+ 0
2 Set parameters: A, ¢,,, ¢, C1, Cy, [, W, and d,
3 while termination criterion not met do
4 for k=1 to A\ do

Sample new solutions according to (16);
end
Select the best solutions according to (10) ;
Reorder the sampled solutions according to (18) ;
Adapt the covariance matrix according to (19) ;
10 Update the step size according to (21) ;
11 g+—g+1
12 end

R -EE S B N0 ]

1) Sampling New Solutions: Sample the next generation with

a multivariate normal distribution A/(0, C):

rxdth v m? + gIN(0,CY), k=1,...,%,  (16)
where erH is the k-th new solution at generation g + 1, m9
is the mean value vector of the distribution at generation g, o9
is the step size at generation g, CY is the covariance matrix at
generation g and A is the sample size.

2) Reordering the Sampled Solutions: Select and recombine
the top performing solutions of generation g. The new mean
m9 1! is computed by recombining the current mean m¢ with the
hightest-fitness solutions selected from the current population
based on their objective function values:

IJ
1 41
mytt =m9 + ¢, E w;("x9 —mY), (17)
=1

where *x? 1" is the i-th best solution (ranked by £(*x{1") <
LX) <o < LI, ¢, is the learning rate, and p is

the selection size. w; are recombination weights, satisfying that
S wi=1w; > wy > > w, > 0.

3) Adapting the Covariance Matrix: The covariance ma-
trix adaptation employs a dual update mechanism, including a
rank-one correction guided by the evolution path and a rank-p
correction:

CItl = CY + ¢;pd Tt (pgt)T +cl,zwzyg+l (y&H",
(13)
9+l _m9
g+l — (1 = g 2 — m m 19
YT = (1—co)pd + /el = coptess oor 19
where y(gH) xG = m@) /o), g =1/ 0 w?

and p? € R" is the evolution path. . is the effective sample
size, c; is the learning rate for the rank-one update of the
covariance matrix update, ¢, is the learning rate for the rank-/
update of the covariance matrix update, and c, is learning rates
for evolution path. ¢y, ¢,, and c. are all less than 1.
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4) Updating the Step Size: We update the step size 09! at
generation g + 1:

|
o9 = 69 exp [Cﬂ (”pa _ 1” d,~1  (20)
de \ EIN(0,T)|
g-+1 - (1 - ca)pa
mIt! — mY
o (1= 2e0)ptesf(C9) 7T ———— (21
/ot = 200 g () AT 1)

where p? € R™ is the conjugate evolution path at generation g,
d, is the damping parameter, and 1/c, denotes the backward
time horizon of the evolution path p?. Algorithm 1 illustrates
the more detailed workflow of the CMA-ES.

IV. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. Experiment Setup

We conduct comparative experiments across three simulated
scenarios to validate the effectiveness of our approach. A real-
world test is also conducted to further illustrate the capabilities
of our planner. A unitree GO2 quadruped robot has been used
in both the simulations and real-world tests.

In scenario-I (Sp), the quadruped robot navigates through
a constrained corridor densely populated with small obstacles
without collisions with the robot. The height of these obstacles
are low enough for the quadruped robot to step on and the width
and length of them are small enough for the quadruped robot to
straddle. In scenario-II (Syp), the quadruped robot is required to
traverse several negative obstacles (i.e., gaps) during navigation,
where taking a direct trajectory toward the target by crossing a
gap could potentially cause failures of the NMPC controller. In
scenario-III (Syy), the quadruped robot is required to traverse
irregularly arranged stepping stones along its trajectory, while
maintaining dynamic stability.

We compare the proposed method with three classical path
planners, A* [27], TA-RRT* [28], and Dijkstra [29], and a
baseline. The baseline is defined as a direct linear connection
between the start and target positions (i.e., the Euclidean shortest
trajectory). They are variants specifically designed to be extend-
able to complex and uneven terrains. In [27], the cost function
is augmented with ground traversability models derived from
elevation maps. [28] introduces adaptive sampling and step size
adjustment based on terrain complexity analysis. Dijkstra in [29]
improved terrain adaptation capabilities by custom cost function.

B. Evaluation Metrics

The evaluation metrics used in traditional planning algorithms
are typically planning time, the length of the planned trajectory,
the number of iteration steps, and the value of the cost function
in optimize-based algorithms. Since our method mainly focuses
on the stability of the robot through complex scenarios to take
full advantage of modern controllers, we adopt the length of
the planned trajectory L, in the X-Y plane, the length of the
simulated trajectory L¢ considering the motion along the Z-
axis, the mean planned yaw in local coordinate 6,,, the mean
simulated yaw in local coordinate #, and the mean momentum
along the Z-axis of the center of mass (CoM) M. Due to the
stochastic nature of our method and some comparative methods,
we compute each trajectory 1,000 times and report the mean
and standard deviation of the performance metrics. The main

IEEE ROBOTICS AND AUTOMATION LETTERS, VOL. 11, NO. 2, FEBRUARY 2026

Fig. 2. The snapshots of the quadruped robot navigating through Sy respec-
tively guided by our trajectory and the baseline trajectory. The four lines in
yellow, purple, orange and green are the foot-end swing trajectories. The line
formed by coordinates is the trajectory produced by the NMPC controller, and
the red line around the NMPC-produced trajectory is the CoM trajectory. The
grids are the elevation map used for NMPC. The black areas denote the edges
of obstacles. The total size of this scenario is 0.6 m x 4 m. The quadruped robot
starts at (0.0 m, 0.0 m) and the goal is (3.5 m, 0.0 m). For further clarity, please
watch our demonstration video.

Fig. 3.

The snapshots of the quadruped robot navigating through Sy respec-
tively guided by our trajectory and the baseline trajectory. Please refer to the
caption of Fig. 2 for the denotations. The total size of this scenario is 1.0 m x
4.0 m. The quadruped robot starts at (0.0 m, 0.0 m) and its goal is at (3.0 m,
0.0 m). For further clarity, please watch our demonstration video.

TABLE I
COMPARATIVE RESULTS IN St. DIFFERENT FROM THE DETERMINISTIC
METHODS, THE STOCHASTIC METHODS (I.E., TA-RRT* AND OURS) PRESENT
STATISTICAL RESULTS (MEAN= STD) OVER 1,000 TIMES OF TESTS, WHERE
STD REPRESENTS THE STANDARD DEVIATION. THE BEST RESULTS ARE
HIGHLIGHTED IN BOLD.

Method Ly (m) Ls (m) 0p (deg) 0s (deg) M. (kg-m/s)
Baseline 3.50 3.81 0.00 0.07 1.03
A* 3.52 3.84 0.32 0.09 0.98
TA-RRT* 3.98+0.25 4.244+0.21 2.35+1.68 0.42+0.21  1.19£0.17
Dijkstra 3.72 3.48 0.49 0.12 0.73
Ours 3.53+0.02 3.60+0.01 1.134+0.13 0.10+£0.01  0.63+0.02
Ours™ 3.51+£0.03 3.784+0.01 0.124+0.03 0.43£0.09 1.0840.06
Ours™  3.53+0.01 3.60+0.01 1.134+0.08 0.10+0.03  0.72+0.02

metric is M, because it indicates stability of the robot during
the navigation. The smaller of M, the more stable the robot is.

C. Comparative Experiments and Ablation Study

The method comparison in these three scenarios are shown
in Table I, Table II, and Table III. From these tables, we can
see that our method could produce a shorter and smoother
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Fig. 5. The plots of the quadruped robot states when navigating through Si.
"y denotes the coordinate of the CoM along Y-axis, “ref” denotes the trajectory 50

from our method or baseline, “b”” denotes baseline, and “0” denotes our method. o 25+
M, is the CoM moment along Z-axis, 0; is the i-th joint angle in degree, and 3
T; is the ¢-th joint toque. e 0
< -25F
TABLE II e
COMPARATIVE RESULTS IN Syr. DIFFERENT FROM THE DETERMINISTIC 8F : 1 f 1 f ] f f f f I 1
METHODS, THE STOCHASTIC METHODS (L.E., TA-RRT* AND OURS) PRESENT ,E« 4k
STATISTICAL RESULTS (MEAN=+ STD) OVER 1,000 TIMES OF TESTS, WHERE z
STD REPRESENTS THE STANDARD DEVIATION. THE BEST RESULTS ARE e 0
HIGHLIGHTED IN BOLD. W -4F
8t
Method Ly (m) Ls (m) 0p (deg) 0s (deg) M. (kg-m/s) 0
Baseline  3.00 3.79 0.00 0.05 1.82 Time (s)
A* 3.24 3.61 0.37 0.15 1.35
TA-RRT* 3.45+0.23 3.754+0.42 6.57+1.94 0.64+0.21 1.5840.52 Fig. 7. The plots of the quadruped robot states when navigating through Syyy.
Dijkstra 3.34 3.72 0.15 0.08 1.49 "y denotes the coordinate of the CoM along Y-axis, “ref” denotes the trajectory
Ours 3.37+0.03 3.48+0.11 2.354+0.26 0.214+0.02 1.1040.03 from our method or baseline, “b” denotes baseline, and “0” denotes our method.
Ours™  3.08£0.02 3.68+£0.03 0.08+£0.01 0.08£0.03  1.79+0.05 M, is the CoM moment along Z-axis, 6; is the i-th joint angle in degree, and
Ours™  3.3340.03 3.46+0.03 2.27+0.07 0.20£0.00 1.1340.02

T; is the 7-th joint toque.
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(a) The real-world scenario 1.

Fig. 8.

(b) Experiment snapshots of scenario 1.

(c) The real-world scenario 2. (d) Experiment snapshots of scenario 2.

(a) The scene setup of the real-world scenario 1. The size of this scene is 1.0 m x 5.0 m. The quadruped robot starts at (0.0 m, 0.0 m) and its goal is

(5.0 m, —0.4 m). The obstacles are outlined by red. The computer in the upper left corner is used to generate trajectories and collect data. (b) The snapshots of the
quadruped robot navigating through the real-world scenario 1 guided by the trajectory from our method. The red dashed line is the real trajectory. (c) The scene
setup of the real-world scenario 2. The size of this scene is 0.8 m x 2.5 m. The quadruped robot starts at (0.0 m, 0.0 m) and its goal is (2.5 m, 0.05 m). The scene is
constructed by assembling wooden boxes of different heights to resemble Syy. The region highlighted by the red box below shows the side view of the area marked
by the red box above. The boxes range in height from 0.1 m to 0.2 m. (d) The snapshots of the quadruped robot navigating through the real-world scenario 2 guided
by the trajectory from our method. For further clarity, please watch our demonstration video.

TABLE III
COMPARATIVE RESULTS IN Spip. DIFFERENT FROM THE DETERMINISTIC
METHODS, THE STOCHASTIC METHODS (I.E., TA-RRT* AND OURS) PRESENT
STATISTICAL RESULTS (MEAN=+ STD) OVER 1,000 TIMES OF TESTS, WHERE
STD REPRESENTS THE STANDARD DEVIATION. THE BEST RESULTS ARE
HIGHLIGHTED IN BOLD.

Method Ly (m) Lg (m) 0p (deg) 0s (deg) M. (kg-m/s)
Baseline 4.00 4.48 0.00 0.07 1.26
A* 4.13 4.35 0.17 0.11 1.21
TA-RRT* 4.47+40.16 4.92+0.46 5.3243.01 0.42+0.21 1.53+0.24
Dijkstra 4.12 441 0.18 0.09 1.21
Ours 4.01£0.01 4.30+0.14 1.344+0.24 0.11£0.02 1.02+0.17
Ours™  4.054+0.04 4.32+0.02 0.08+0.01 0.114+0.04 1.1740.05
Ours™  4.014+0.02 4.31£0.38 0.10+0.12 0.03+0.04 1.05+0.17

trajectory. Most importantly, our method presents the lowest M,
among the compared methods, indicating that the trajectory from
our method allows the robot moving stably when navigating
S1. Besides, our method gets rather small standard deviation,
meaning that the computational stability (i.e., consistency of the
results under randomness) of our method is higher. Moreover,
the quantitative comparison between the planned trajectories
and their simulated executions reveals that our method achieves
significantly smaller discrepancies in both trajectory length and
mean yaw angle. These results demonstrate that the proposed
method enables more effective utilization of the NMPC con-
troller.

Meanwhile, we conducted an ablation study by removing the
Height Objective defined in (14). The corresponding results are
denoted as Ours™ in the tables. As shown, Ours™ produces
results comparable to the baseline, since without the height-
related penalty, the remaining objectives mainly generate short
and smooth trajectories without considering the terrain.

In addition, we conducted a sensitivity analysis on the main
weight matrices W, and W}, to evaluate the robustness of our
method. Specifically, W}, and W}, are randomly perturbed within
+25% of their nominal values, and the corresponding results
are denoted as Ours™. As shown in the tables, although the
performance slightly decreases, all key metrics remain within
5% of the optimal results, demonstrating that the proposed
algorithm is robust and insensitive to parameter variations.

1) Scenario-I: In Sy, a number of small obstacles are placed
on the flatten narrow ground. Within the given map, there is
no enough space for the quadruped robot to fully avoid these
obstacles. As shown in Fig. 2, the baseline trajectory could also

lead the quadruped robot to the goal by the NMPC controller. Our
method could pass through the scene by straddling the obstacles,
neither stepping on the obstacles nor taking detours. We could
see that the trajectory with our method could actively adjust the
heading direction before encountering obstacles in around 2s ~
3s and 6s ~ 8s in the first sub-figure of Fig. 5.

The fluctuation of M, in the same time segment benefits
from this active adjustment, which could be seen in the sec-
ond sub-figure of Fig. 5. Around 6.5s, the swing angle of the
the quadruped robot’s 10-th joint changes from 15° to 55° in
approximately 0.3s, resulting in intense vibration of the torque
when the robot is guided by the baseline, shown in the third
and forth sub-figure of Fig. 5. Due to the advance adjustment
along the Y-axis, the quadruped robot is able to pass through Sy
smoothly without drastic changes in M, 610, and 7.

2) Scenarios-1I: In Sy, there are three gaps that are not
perpendicular to the heading direction, which makes the gaps
wider along the X-axis. If the quadruped robot steps over these
gaps along the X-axis directly, it may touch the bottom of the
gap in simulation, as shown in Fig. 3. We could see the sharp
change of M, and 614 in around 5s ~ 5.8 s in Fig. 6. If the
quadruped robot is guided by the trajectory from our method,
the heading direction could be approximately perpendicular to
the gap, allowing the robot span a shorter distance.

3) Scenario-IIl: Sy consists of two platforms and some ir-
regular steeping stones with different heights between these two
platforms, as shown in Fig. 4. From the first sub-figure of Fig. 7,
we could see the terrain adaptation along Y-axis of the trajectory
from our method. The large height difference between two
adjacent foot-end point of the same foot makes large undulation
of the robot’s CoM, which creates instability for the robot. It
can be seen from the second sub-figure of Fig. 7 that M, moves
from 7 Nm down to —7 Nm in about 0.5 s. Finally, the dramatic
change puts an extra burden for the actuators of the robot, which
could be observed in the third and forth sub-figures of Fig. 7.
Guided by the trajectory from our method, the quadruped robot
navigates through a relatively even terrain with smaller height
difference of foot-end. Therefore, the fluctuations in M., 046
and 76 with the trajectory from our method are smaller than
these with baseline trajectory.

D. Real-World Tests

In the real-world scenario 1, we place some obstacles on a
narrow path. The path was 1.0 m wide and 5.0 m long with
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some bushes on either side, as shown in Fig. 8(a). There are in
total six obstacles in the sense, where the obstacles of number 2,
3, 5 are too high for the quadruped robot to step on or over and
the obstacles of number 1, 4, 6 are thin enough for the quadruped
robot to straddle. The snapshots of the experiment is shown in
Fig. 8(b). We can see that the quadruped robot could exactly
avoid the high and wide obstacles that would be difficult for the
quadruped robot to cross. For the lower and blocking obstacles,
the robot could easily straddle them following the generated
trajectory.

In the real-world scenario 2, we use wooden boxes of varying
heights to simulate scattered stones, as illustrated in Fig. 8(c),
which resembles Syp used in the simulation analysis. The boxes
are designed with three height levels: 0.10 m, 0.15 m, and
0.20 m. The trajectory generated by the proposed method guides
the robot to traverse paths with smaller elevation differences,
thereby enhancing the safety and stability of the navigation. In
this scenario, we use a motion capture system to correct the
robot body positions, which prevents state estimation failures
caused by foot slippage and falls. Fig. 8(d) shows snapshots of
the quadruped robot following the computed trajectory. With the
perceptive locomotion based on the NMPC controller, the robot
can step across the wooden blocks with different heights.

V. CONCLUSIONS AND FUTURE WORK

We proposed here a novel trajectory planning algorithm, with
the aim of taking full advantage of the capability of the NMPC
controller. The trajectories from our method guide the quadruped
robot cross complex terrains with more stability. The algorithm
is formed as an optimization problem, which considers the
geometry terrain features at the feet-end points. Thus, we employ
SVGP to fit the point cloud of the terrain and get a precise terrain
model. The optimization problem is non-convex, so we select
CMA-ES as the solver. Since the objective function focuses
on features at feet end, our algorithm cannot handle thin and
tall obstacles. We may extend our planning algorithm to more
challenging scenarios in the future.
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